Introduction to Gerbes

Yiannis Loizides, Spring 2015

These notes introduce gerbes, which are “realizations” of degree 3 integral
cohomology, analogous to the way line bundles “realize” degree 2 integral
cohomology. We begin with the very concrete Hitchin-Chatterjee description
in terms of transition line bundles, following Hitchin’s notes (“Lectures on
special Lagrangian submanifolds”). We then move on to Murray’s bundle
gerbes (following his notes “An introduction to bundle gerbes”). Although
slightly more abstract, these lead to elegant constructions of some important
examples. They are also a useful stepping stone to the still more abstract
picture (Giraud, Brylinski) in terms of sheaves of groupoids, which we touch
on only very briefly.

1 Transition line bundles

We will describe the Hitchin-Chatterjee picture in terms of hermitian line
bundles (so all of our line bundles are equipped with a hermitian structure).
As usual, this is equivalent to using U(1) principal bundles. We could in-
stead work with line bundles and principal C* principal bundles. It makes
no difference (the structure group can always be reduced to U(1)), but as a
differential geometer I like U(1)-bundles, so that is what I will use. For a line
bundle L, I will write Q = U(L) for the corresponding principal U(1)-bundle.
By unitary section of L|y, I will mean a section s such that ||s|| = 1.

We begin by briefly reviewing the situation with line bundles. Let U, be
an open cover, and suppose we have U(1)-valued functions g¢,, on double
overlaps, g, = g,;ll. We require that these satisfy the cocycle relation on
triple overlaps:

59 = Gab3bcYca = L.

Then, we get a line bundle L in the usual way, with the g, acting as tran-
sition functions. The cocycle condition says that g, is a Cech 1-cocycle for
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the sheaf of U(1)-valued functions. Suppose g is a Cech coboundary, that
1S, Gab = hahb_l = hg = gaphs. This says that the collection {h,} defines a
global section of U(L), so L is trivial. More generally representatives for the
same Cech 1-cocycle give isomorphic line bundles. We've shown that line
bundles are classified by H'(M,C>*(U(1))). By the exponential sequence,
this is isomorphic to H2(M,Z). The class of the line bundle in H? is denoted
c1(L); it is the first Chern class.

For gerbes, we want to try to do something analogous with H?(M, C>=(U(1))).
Again the exponential sequence tells us that this is equivalent to H3(M,Z)
(as advertised). So the starting point is an open cover U, and a Cech 2-
cocycle gape : Ugpe — U(1). So on Upypeq, g satisfies

(5g)abcd = gbcdg;cldgabdg;bi =1

We want in the end to have a definition independent of choices (cover and
representative). This will come later; for now I'll follow Hitchin, who says
“this is a working definition, and we are going to make gerbes work for us”.

Definition 1.1. A gerbe is specified by an open cover U,, and a Cech 2-
cocycle with values in the sheaf of U(1)-valued smooth functions.

We will say that a gerbe is trivial if g is a coboundary. A trivialization of
a gerbe is just a choice of cochain f = f, such that ¢ = df. Now suppose
f, f are trivializations. Consider h = f’/f. Then

Sh=6f/5f =g/g=1.

(Remember we are using multiplicative notation, so moving the ¢ inside the
fraction is like linearity when we use additive notation!) This says that h is
a 1-cocycle, hence it defines a line bundle! So we have shown that:

e Given a trivial gerbe, any two trivializations differ by a line bundle.

This is analogous to the fact that given a trivial line bundle, any two unitary
global sections differ by a function f: M — U(1).

We obtain an example of a trivial gerbe by restricting the cocycle g to one
of the open sets, say Uy. To see this, note that

1= (89)0bed = GbeaJomyJobddop. = Goed = fedfab focs
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where
fab = Joab-

(This makes sense as a cochain ONLY on Uy, since goqp is only defined on
Upap-) S0 glu, = 0f, so we've found a trivialization of g over Uj.

On double overlaps, U,, we would get two potentially different trivializations
of g|v,,, coming from each of U, and U, as above. As we showed before, these
differ by a line bundle L,,. We introduce some notation, which has the goal
of replacing Cech cocycles with line bundles. For a collection of line bundles
Lq, .4, defined on n-fold intersections, we define
(5L)a1~4-an+1 = La2.-~an+1szllag..."'Lil

aj...an’

exactly analogous to Cech cocycles. Notice that d6L is canonically trivial;
for example, for L,, we have

(5L)abc - LabLbchaa

and so 60 L is a product of 12 line bundles, which cancel in pairs (all (3 choose
2) times 2 possible ordered pairs of indices from the set abc appear). So
00 Lapea =~ C X Ugpeq has a canonical trivializing section denoted 1. Similarly,
if $ = S4,a,.. 18 a collection of unitary sections of L,,,, (alternating under
permutations of indices), then we can define ds as a collection of sections of
dL by putting (we do the case s for simplicity):

63abc - SchECISab S F(5Labc>

(tensor product section of a tensor product of line bundles). This is again
analogous to Cech cocycles. We apply the same notation to the correspond-
ing principal U(1) bundles.

This leads to the second definition of gerbe:

Definition 1.2. A gerbe is specified by an open cover U,, together with tran-
sition line bundles L, = Ll;ll on double overlaps such that the line bundle
0 Lgpe over Uy, is trivial. We must also have a choice of unitary trivialization
Oupe Of 6 Lape, such that 00 = 1 over quadruple overlaps.



It is equivalent to work with the corresponding unitary frame bundles Q),, =
U(Lg). Then, an equivalent way of specifying the trivializing section is to
have a choice of bundle isomorphism:

Qab & ch — Qac;

the condition §6 = 1 then translates into the assumption that these bundle
isomorphisms satisfy “associativity”. We could also simply say that we have
a unitary isomorphism L., ® Ly. — L., which we then just restrict to the
unit circle bundles.

Here the trivialization 6 is needed to get back the Cech cocycle, and is es-
sential to the definition. Indeed, if we were to take a good cover, then all
the transition line bundles will be trivial, and all the non-trivial topological
data of the gerbe is contained in the choices of the 6’s. In general, the non-
trivial topological data is carried by a mixture of the #’s and the transition
line bundles themselves. (An example is the Hopf bundle, where the trivi-
alizations carry no information (triple intersections are empty), and all the
non-trivial topological information is contained in the transition line bundle.)

Given a gerbe as defined above, here is how we can recover a Cech 2-cocycle
as in the first definition. Take a good cover, then all the L., are trivial.
Choose trivializing unitary sections 7,, = Tbj. Then

Habc = GabcTabTocTea

for some function gup. : Ugpe — U(1), and 66 = 1 implies that this is a Cech
2-cocycle.

Another remark about the terminology: we call these line bundles “transi-
tion line bundles”, but what do they transition between? This depends on
the context they are being used in. But one important point that initially
confused me is that you shouldn’t think of them as transitioning between
different line bundles—indeed if we have a good cover and Ly, = LaLb_1 then
0 Lgape is canonically trivial, and suppose 6 is this canonical section (this is
what we would mean by saying that L, transition between line bundles L,).
Then choosing 7, unitary trivializing sections of L, 7o := 7,7, L we get that
0T = 1 = gue = 1 by the above calculation. So the Cech 2-cocycle is trivial.



Example 1: the lifting gerbe. Let P — M be a principal G-bundle, and
suppose G is a central extension of G:

1-U1)—=G—G—1.

(An important example is the group Spin®(n), which is a central extension
of SO(n).) Suppose we want to find a principal G bundle P — M which
“covers” P. In general this might not be possible, and the obstruction is
encoded in a gerbe which we now describe.

Choose a trivializing cover U, for the bundle P, and let g4 : Uyp — G
be the transition functions. What we seek are lifts of these to functions
Gab : Ugp — G such that
gabgbcgca =1

Suppose we have two such lifts §u, g.,, defining two lifts P,P'. Since §,§
both map to the same element in GG, the above exact sequence implies that
their quotient is in U (1), and thus we get U (1)-valued functions fu := 3.y/Gab-
These functions satisfy the cocycle relation, and so define a line bundle L (or
equivalently a principal U(1)-bundle @ = U(L)). Also by construction,

g:;b = gabfaba

which just says that P/ = P ® Q. ' That is, any two choices of lifts (when
they exist) differ by a principal U(1)-bundle.

Now, since P is trivial over each U,, we can find a lift ]5a over U,. However
the restrictions of J5a and Pb to the double intersection U,, need not agree: by
the computation above they will differ by a principal U(1) bundle in general,
say Qu = U(Lgypy) where Ly, is a hermitian line bundle over Uy, and we have
isomorphisms B B

Pa ® Qab = Pb'

(By writing “=" we really mean that we have chosen an isomorphism.) On
triple intersections we have

paQabecha = prchca = chca - paa

IThe tensor product here means take the principle G bundle whose transition functions
are the product of the transition functions for the two bundles. This works since U(1) C G
is in the centre of G. More abstractly, we take the fibre product of P and Q, and then
quotient by the appropriate action of U(1).
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which shows that 0L, is trivial: let 04, be the unique section of §Q) such
that § — g ® 04, is inverse to the isomorphism above.

Everything seems to depend strongly on all the choices—we’ll get a much
more elegant description of this gerbe when we pass to bundle gerbes. The
above was a good example of why the L., can be thought of transition line
bundles: here transitioning between different lifts to a central extension.

Example 2: the “Hopf gerbe” /magnetic monopole. The first exam-
ple of a non-trivial line bundle is the Hopf bundle on S?: we get this by a
“clutching construction”, using for transition function along the equator a
map S' — U(1) with winding number 1. Its chern class is the generator
for H%(S?). We can do a similar construction for S3  but now instead of
a transition function we have a transition line bundle. The equator is now
52, and we can use the Hopf line bundle as our transition line bundle. We
get a gerbe, representing the generator of H3(S%). (Don’t need to specify a
trivializing section here, as triple intersections are empty. Indeed this is an
example of the opposite extreme, where all the nontrivial topological data is
contained in the transition line bundles.)

Actually we can be more general: let M be any 3-manifold. Given a point
p € M and a ball B around p, 0B ~ 52 and we can do the same thing.
This is analogous to the construction of the holomorphic line bundle L, on
a Riemann surface.

2 Connections and curvature

Definition 2.1. A connection (or connective structure) on a gerbe (Lap, Oape)
consists of a hermitian connection V, on L, and collection of 2-forms F,
on U, such that

1. Vapelape = 0 (here Vg is the induced connection on 6 Lgy.)
2. F, — F, =: F, (on double overlaps) is the curvature of V g..

The forms F, are sometimes called the curving of the connection, or some-
times the B-field (think: the B-fields we encountered last semester, for



Courant algebroids!) On double overlaps we have d(F, — F,) = dF,, = 0,
which shows that

G |Ua. = dFa,
defines a global 3-form called the 3-curvature.

Take a good cover, and let 7,, denote choices of unitary trivializing sections
for Lg. Recall that the Cech 2-cocycle g of the gerbe is given by

gabc = Gabc (57_)@66'

Let A, be connection 1-forms relative to the chosen trivializations, that is
VabTab = _iAabTab-

Then A, + Ape + Agg is the connection 1-form on L,y relative to the trivi-
alizing section 07... Thus

0= Vabceabc - (dgabc)Tabc - igabc(Aab + Abc + Aca)Tabm

which gives
iAab + Z.14bc + Z-14(211 = g&)lcdgabo

Proposition 2.2. The cohomology class of the 3-curvature is the image in
H3(M,R) of the class representing the gerbe in H*(M,7Z) ~ H?*(M,C*>(U(1))).

Proof. (Sketch) We need to recall how to get a Cech cocycle beginning with
a de Rham cocycle. Suppose G is a closed 3-form. Let U, be a good cover.
Then by Poincare G|y, = dF, for some 2-forms F,. On double overlaps
d(F, — F,) = G—G = 0, so we can find 1-forms A,, defined on double
overlaps such that Fj, — F, = dAs. Then 6 Aue = Agp + Ape + Aeq 1S a sum
of six terms which cancel in pairs. So we can find functions fu. : Ugpe — R
such that Ag + Ape + Aca = df ape-

On quadruple overlaps, let kapea = (0f)abed = foed — facd + fava — fave- Then
d(0f)abea = 0, and so the kypeq are constants. This is the desired Cech 3-
cocycle (for the constant sheaf R). If G was the image of an integral class,
then we can make all choices such that these constants are integers. Then
define
Gabe = exp<27rifabc>;

this is the desired (multiplicative) Cech 2-cocycle—the fact that the constants
are integers ensures that 6g = 1 even though ¢ f # 0 in general. (This formula
for g is expod~!(k), which is the inverse of the boundary map 4 o log in the
exponential long exact sequence.) O



3 Holonomy

Definition 3.1. A connection on a gerbe is flat if its 3-curvature vanishes.

Note that this does not imply that the gerbe is trivial, but only that the Cech
3-cocycle is torsion. When a line bundle is flat, it can still be non-trivial;
and this can be captured through the holonomy of the connection. Similarly
we will next define the holonomy of a flat gerbe.

Suppose (Lap, 0, Vap, F,) is a flat gerbe. Choose a good cover, so
F,=dB, = F,— F, =dA,, = d(By, — B,)
so there exist functions f,;, on double overlaps such that
Ay — By + B, = df .

We get therefore
id(fab + fbc + fca) = g;b};dgabc‘

Since Uy, is contractible, we can define log g, by choosing a value at a point
p € Uy (ie. a choice of branch) and then everything else is determined by
analytic continuation. Thus choosing a branch we can re-write this as

d(ifab + Z‘fbc + 7;fca - lOg gabc) =0.

So we get a constants cqp. € R (divided by i here). If we choose a different
branch of log, then log g changes by 27 times an integer, so the constants
Cape change by 277Z. Thus although ¢, depends on the choice of branch of
log, the equivalence classes [cqp./27] € R/Z do not.

Definition 3.2. The class of the Cech 2-cocycle cup./2m in H*(M,R/Z) is
called the holonomy of the connection. (N.B. here R/Z is the constant sheaf!)

Hitchin points out an elegant interpretation of this. Recall that a flat line
bundle with connection has holonomy around a curve. A gerbe has holon-
omy around a surface. This is because for a closed connected orientable
surface S C M we have H?(S,R/Z) ~ R/Z (constant sheaf, NOT Sl-valued
functions). On the other hand, the pullback of G to S is zero, since S is
2-dimensional. So we get a holonomy cu./27 € R/Z, an angle of holonomy

8



around the surface!

For line bundles, if we have a flat connection AND the holonomy is trivial,
then the line bundle is trivial (and we get a trivializing section by parallel
transport). A similar result holds for gerbes. Suppose cq. is a coboundary,
so ¢ = 0k, where k,;, are constants in 27R /Z. Define

hab = exp(ifab - ikab)a

(well-defined since exp handles the quotient by Z). Then the equations above
imply
habhbchca = Gabe; =~ g = 5h7

so ¢ is a coboundary and the gerbe is trivial.

But more than that, we have a particularly nice trivialization given by h
(it is the analog of a covariantly constant trivialization obtained by parallel
transport in the line bundle case)—Hitchin calls the h that arrises in this way
a flat trivialization. Now suppose we have two different flat trivializations
h,h'. As before t = h'/h defines a line bundle L. But it is not just any line
bundle! Using the equations above, we have

iBb — iBa — iAab = idfab = dlog hab

and subtracting these shows that if we define C, = B! — B, then
iCy —iCy = gyt dgay = iCy = iCo + g3 dga
which says the C, are a collection of connection 1-forms on L. Moreover
dC, =dB, —dB,=F,— F, =0,

so this connection is flat. In other words, the difference of two flat trivial-
izations of a gerbe is a flat line bundle: this is strictly stronger than before
(when we found that the difference between two ordinary trivializations is a
line bundle), since e.g. the chern class of this line bundle in this case will
be torsion. This shows the sense in which flat trivializations are particularly
nice examples of trivializations.



4 Loop space picture

Suppose we pullback the gerbe G to a loop ¢ : St — M (f € LM). Since the
loop is only 1-dimensional, the pullback gerbe ¢*G is flat with trivial holon-
omy (Cech 2-cocycle cqp. will also become trivial!). This means that there
will be flat trivializations of G|,. Moreover, we showed above that the space
of flat trivializations is acted on transitively by the space of flat line bundles.
A flat line bundle on S* is uniquely determined, up to gauge equivalence, by
its holonomy, which is an element of U(1).

Identify two flat trivializations if they differ by a flat line bundle with trivial
holonomy (a flat line bundle on S* may still have a non-trivial connection;
however in this case the only gauge invariant is the holonomy of the con-
nection): let Q, denote the resulting “moduli space of flat trivializations” of
Gle. Summarizing, given a loop ¢, we have a moduli space Q, of flat trivial-
izations, which carries a free and transitive action of U(1) (the latter being
viewed as the space of flat line bundles on ¢). These glue together to give
a principle U(1) bundle @ — LM. So we've replaced the gerbe with a line
bundle, by passing to the loop space!

And we get more structure. A path in the loop space F : [0,1] x ST — M
gives a cylinder in M. Since this is a 2-dimensional surface, the pullback of
G under F is flat. Moreover, as [0, 1] x S deformation retracts to S*, the
pullback gerbe also has trivial holonomy (for this latter fact, it is important
to view this as a pullback to [0,1] x S', since e.g. the image of F could
well be a closed surface, e.g. S?). So we can choose a flat trivialization for
F*G. Restricting this flat trivialization to the two endpoints, we obtain flat
trivializations on {0} x S' and {1} x S'; this defines a mapping from the
moduli space of flat trivializations over ¢y to that over ¢;. In other words,
we get a method of doing parallel transport in the bundle Q over loop space.
The curvature of the resulting connection on Q is the transgression of the
3-curvature on M.

5 Bundle gerbes

There is a nice explanation of taking duals/products of U(1) bundles on page
4 of Murray’s notes.
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Now is a good time to summarize some of the basic functorial properties
and structures associated with gerbes. These are all highly analogous to line
bundles.

1. We can take duals and products of gerbes. These operations make
sense for Cech cocycles, and they also make sense in the transition line
bundle picture.

2. Gerbes can be pulled back by smooth maps.

3. Associated to a gerbe G is a characteristic class ¢(G), which pulls back
like the gerbe, and satisfies

c(G1 ® Go) = c(G1) + ¢(G2), c(G*) = —c(G).

4. There is a notion of connection (or “connective structure”) on a gerbe.
It has a curvature, which is a globally defined 3-form. This 3-form
is a representative in de Rham cohomology for the image of ¢(G) in
cohomology with real coefficients.

5. A connection on a gerbe has holonomy around any 2-dimensional closed
submanifold S.

The description of gerbes in terms of Cech cocycles for a good cover was
highly local. We moved somewhat away from this in the Hitchin-Chatterjee
picture, which allowed some of the non-trivial data of the gerbe to be pack-
aged in not necessarily local things: the transition line bundles, which could
be non-trivial bundles over non-contractible sets. The bundle gerbe picture
moves further in this direction.

5.1 Surjective submersions

We will want to consider surjective submersions 7 : Y — M. There are
two main examples: fibre bundles and open covers. Given an open cover
U = {U,}, write Yy, for the disjoint union. Write Y® (or simply Y? for
brevity) for the p-fold fibre product. There are maps m; : Y? — YP~! for
1 =1,...,p. In the case Yy, note that these spaces are disjoint unions of all
ordered double intersections, triple intersections, etc. For example, for two
sets, Y2 is a disjoint union of 4 double intersections. Thus restricting some
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form G to each U, becomes simply 7*G, and so on.

A basic property of surjective submersions is that they admit local sections.
What this means is that we can always find an open cover Y = {U,} and local
sections s, : U, — Y of the submersion 7. These can be bundled into a map
s: Yy — Y, and this type of thing will always allow you to get back to the
local description of the Hitchin-Chatterjee theory. Surjective submersions to
M form a category, with morphisms being what you think they are. One nice
feature is that “refinements of open covers” are special cases of morphisms
in this category.

Define

p

5 QYP) = QYPH, §=> (-1)"'x;

i

)

Note that in the case Y}, this is the Cech differential on sheaves of forms.
Also
0— QM) —=QY) = QY? — .-

is the Cech resolution of the sheaf. It is acyclic by partitions of unity. And
this holds for general Y in fact!

More generally for a function g : Y?~! — H where H is an abelian group,
dg makes sense. And for a bundle P — Y?~! we define a bundle 6(P) — Y?
as the alternating tensor product of pullbacks. It is immediate that §oP is
canonically trivial.

5.2 Definition of bundle gerbes

We simply replace Yy, with a more general surjective submersion!

Definition 5.1. A bundle gerbe over M is a pair (L,Y) where Y — M is a
surjective submersion and L — Y? is a hermitian line bundle, satisfying:

1. There is a chosen unitary trivializing section 6 of §(L) — V3.
2. 6(0) =1

Taking Y = Y;, gives back Hitchin-Chatterjee. This can be packaged slightly
differently: let Q@ — Y? be the associated unit circle bundle. Then (1) is
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equivalent to the existence of an isomorphism

m:m3(Q) ® m(Q) = m5(Q).

This map is called the bundle gerbe multiplication. The reason for this, and
the reason why this is nice, is that (2) then says that m is associative. Explic-
ity, we take 0*, a unitary section of 4(Q)*; by duality, it pairs naturally with
a section of 73 (Q) @ 7](Q), with output in 75(Q). This is essentially the way
we’ve been thinking about “products” in hLAB recently, as homomorphisms
in Hom(A®? A). Viewed in these terms, I believe that 66 is the associator.

(Note from Stevenson, 2000.) Over a point (y1,y2, y3) the section @ is defined
by taking elements u € Py, 4,) and v € Fy, ,,) and setting

e(yl,y2:y3) =u® m(u ® U>* Qv e P(yl,?ﬂ) ® P(Zl,ys)P(y%%)'

From this we see that 6* indeed implements the bundle gerbe multiplica-
tion. To see that 00 being the associator is plausible, note that over a
point (y1,¥2,¥s,ya), 00 lives in the product of 12 copies P, .) where y,z
run through all possible ordered pairs. Using P, .) = P(*Z’y), these cancel in
pairs and give the trivial bundle. Also, we can view 06 as performing the
product ((ab)c)((¢'o~")a™!). This matches numerically: 4 dual bundles are
used to eat the elements used in the first two products ab and ¢~ 'b~!, with
the results stored in 2 bundles (6 so far). Then to form the next products
(with ¢ and with a™! respectively), another 4 dual bundles are used to eat
the elements, and then the results stored in the remaining 2 bundles (no up
to 12 bundles used). The remaining two bundles where the results are stored
are dual to each other (as follows because we used all inverses for one triple
product), and they can be paired to give an element of U(1). This element is
the associator; the phase relating the two ways of doing the product. Saying
that it is 1, says that the product is associative.

5.3 Sheaf of groupoids

For each point m € M, we get a groupoid as follows. The objects are
elements of the fibre Y,,,, and the morphisms between y,y2 € Y, are Py, 4.).
The bundle gerbe multiplication gives composition. Note that this groupoid
is transitive, and that the group of morphisms of a point is U(1). So we get
a bundle of U(1)-groupoids over M.

13



5.4

Reformulation of functorial properties

Pullbacks: f: N — M. Take f*Y, then there is a map f: f*Y — Y
covering f, and so a map f?: (f*Y)? — Y2 which we use to pullback
P.

Dual: just take P*.

Products: given (P,Y), (Q, X) take the fibre product of Y, X, and the
tensor product P ® Q.

Characteristic class. Choose a good cover U, sufficiently small that we
have sections s, : U, — Y. Then we get sections sq, = (54, $p) : Uap —
Y2, Let 7 : Uy — Py = sk P be a section (exists as the cover is
good). Likewise put Ou = s5,.0. On triple overlaps we have

TabTbcTea = gabceabca

for some gape : Ugpe — U(1). This is the characteristic class. (Note: the
left-hand-side here really means (774,) ® (7 7pe) -+ - )

Connections: simply a hermitian connection V on L — Y2, such that
6 is flat for 6(V) (where here 6(V) denotes the connection on §(L) ob-
tained by pullbacks and by the usual prescription for tensor products
of bundles). Equivalently, m,V satisfy a Leibniz rule. This immedi-
ately gives back Hitchin-Chatterjee for Y = Y;,;. As before there is a
(non-unique) form F' on Y such that §(F') is the curvature of V (this
is the “curving” or “B-field”), and dF is basic, and so dF' = 7*G for
some 3-form G on the base, the 3-curvature. Similar to above, we can
use local sections s, for a good cover, to obtain equations as before.

Definition 5.2. A bundle gerbe is trivial if there is a hermitian line bundle
R — Y such that (L,Y) ~ (6(R),Y). The choice of R and of the isomor-
phism is called a trivialization. Note here that 60(R) is canonically trivial,
so we are taking # = 1 for the bundle gerbe 0(R). Say that two bundle
gerbes are stably isomorphic if G ® G, is trivial. Then turns out that stable
isomorphism classes are exactly classified by the characteristic class.
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5.5 Lifting bundle gerbes

One nice feature of bundle gerbes is that they give a nice construction of the
lifting gerbe considered before. We consider a central extension, as before,
and a principal G-bundle Y — M—this will be our surjective submersion!
(Notice the way it is global now: we are far from a good cover!) There is a
natural map f : Y? — G defined by 2 = 41 f(y1,%2). The central extension
G is, in particular, a principle U(1)-bundle over G. We simply pull it back
using the map f to get the U(1) bundle P — Y2. (If you want a line bundle,
then take the associated line bundle.) Given g € G, let ég denote the fibre
of G over g. Then the group multiplication on G respects the fibres in the
natural way (this is just because G — G is a group homomorphism). Now
let (y1,%2,%3) be in Y3, We seek a bundle gerbe multiplication, that is, a
map
M Yy ye) @ Yiyos) = Yiurus)

satisfying associativity. But, if we think about how pullback bundles are
defined, Y, .) = C?f(y,z) (i.e. the fibre over (y,z) is the fibre of G over the
image point). So the multiplication above is already defined by the group
multiplication on G, and associativity follows from associativity of multipli-
cation on G!

We now give some examples of this beautiful construction. In addition to
spin-c structures that we mentioned before, we also have:

1. PU(H) bundles. Let H be a Hilbert space, and Y — M a principal
PU(H) bundle. Then we have a central extension U(H) — PU(H) and
so we get a gerbe. The characteristic class is called the Dizmier-Douady
class. This was, I believe, the earliest (7) “geometric realization” of
degree-3 integral cohomology.

2. The basic gerbe over a compact, connected, simple Lie group G. Under
these assumptions it is known that H*(G,Z) = Z. (In de Rham, this is
generated by the Cartan 3-form.) We want to get the gerbe representing
the generator. Let PG denote the space of based paths, and PG — G
the path fibration (given by the evaluation-at-1 map). The kernel of
the evaluation map is QG, so PG — G is a principal G bundle (check:
the endpoint of the path doesn’t change because loop in 2G ends at
the identity). There is a basic central extension,

1= U(1) = QG = QG — 1.
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The lifting bundle gerbe for this is what we seek!

5.6 One application: WZW term

Let X be a compact Riemann surface. There is a theory whose configuration
space consists of maps g : ¥ — G with G a compact simple Lie group. The
action has a kinetic term and a more interesting term which was defined by
Witten as follows: choose a 3-manifold X with 0X = ¢ and assume we can
extend g to X. Then the interesting interaction term is

/ gn.
X

This is dependent on the choice of extension. However, choosing different
extensions changes the result by an integer (using integrality of n). So in
the quantum theory (after we take e2™%) it disappears. Using gerbes we can
instead think of this as the holonomy of the basic gerbe around the surface
¥ This eliminates X from the discussion (and we no longer have to make
the additional assumption on g).
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